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Selective excitation pulses are widely used in magnetic reso- the calculation in real time. Indeed, real-time pulse generatic
nance imaging in order to excite predetermined slices of the body  can be useful in adjusting large flip angles at scan time, as
under examination. Such pulses are optimally designed by means  the case of nulling lipids using a fixed inversion time. CHES.
of the Shinnar-Le Roux algorithm. In this paper, we show that |55 for water suppression are also a case that might call
under minimal assumptions, the complexity and computing costof oo ime adjustment. It is also useful when designing mult
the original Shinnar-Le Roux algorithm can be drastically re- band pulses if the exact slice locations are not known |
duced. We further propose an improved version of the algorithm, . N
involving only real quantities, which is both easier to implement advance. In ge.neral, r.eall-tlme pulse.g.enerauon is of value
and faster to execute, so it is suitable for implementation at the ~C@S€S of adaptive excitation, where it is needed to be able
hardware level, in the context of a real-time fully digital magnetic ~@djust the excitation during scan time in order to gain focus c
resonance transceiver. © 2000 Academic Press the item of interest.
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implementation. 2. THE SHINNAR-LE ROUX ALGORITHM

The Shinnar—Le Roux algorithm is based on a numeric
1. INTRODUCTION solution of the Bloch equations. Three assumptions are ma
First, the pulse envelope is piecewise constant in time fi
Magnetic resonance imaging offers a three-dimensional imeriods ofAt. This corresponds to the way pulses are generat
aging modality. However, this is not always desirable, as 3D most commercial systems. Second, the effect of the radi
imaging has excessive requirements on experiment time, mdnagquency pulse is the same for all proton populations. Thiri
ory, and computing cost. Thus, covering the area of interest the hard-pulse approximation: the rotation of the magnetizatic
means of a series of two-dimensional slices that offer the sarextor during the\t period is considered to be small enough tc
diagnostic information at a lesser cost has been tried. be approximated as the outcome of two successive rotatiol
Reducing the dimensions being imaged is usually done bye around the radiofrequency pulse’s axis and one around
exciting only a slice of finite width and not the whole bodyaxis of the superposition of the gradient and the static magne
under examination. This is done using a combination of feeld. When these conditions are met, the excitation process ¢
magnetic field gradient, called a selection gradient, andba approximated as the succession of the elementary rotati
specially designed radiofrequency pulse. Using a linear djpr eachAt.
proximation (), the regions excited are those with Larmor Thus, the Shinnar—Le Roux algorithm treats the pulse as
frequencies corresponding to the spectral content of the pulseries of small hard pulses, each one exhibiting an individu
The process of excitation, as described by the Bloch equanplitude and phase. The outcome of the algorithm is stored
tions, is nonlinear, and the deviation from linearity, as well aan array and retrieved in order to produce, by means of
the need for a more sophisticated approximation, beconmsnplex 1/Q modulation system, the desired radiofrequen
evident as the excitation angle increases. The latter is giverpulse.
the Shinnar-Le Rouxl( 2) algorithm, which predicts the ex- However, the degrees of freedom offered by the Shinnar—|
citation angle with great precision. Roux algorithm have a cost: first, the requirement for simu
The Shinnar-Le Roux algorithm deals with the one-dimetaneous amplitude and phase modulation, a capacity that ¢
sional excitation problem in the general case. We intend lead to errors due to technical limitations, and second, tt
show that under minimal assumptions the computing time andmputational cost due to the complex numbers used throuc
complexity can be drastically reduced. out the algorithm.
Even though this may seem insignificant due to the ever-Taking a closer look at the Shinnar—Le Roux algorithm, w
growing capacities of modern computers, it becomes signifee that it describes the movement-rotation of the magneti:
cant when considering an integrated system thought to hantiten by means of two FIR filters that represent its Cayley—Klei
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parametersd). These are more adapted to describing quantum /A, , C  S\(A CA + SB,
mechanical phenomena and also allow the easy synthesis of B;_, = <_32 QZ) B, = 2(—SA + Cij)>- [2]
successive rotations. They are given asa2 complex matrix

Q = (g _&>, with the additional constraifa|> + |B|* = 1, It can be proven that

thus requiring only three independent quantities. Perhaps
the most intuitive approach to the Cayley—Klein parameters
is through their relationship to the axis—angle representation Bio
of a rotation: If a rotation can be modeled as a rotation Ao ,-
around an axidN = (n,, n,, n,) by an angled, then the cos5
matrix Q of the Cayley—Klein parameters is given by

= —isi + + - :
Q COSG(/)2|1 ' sin 0/5 (n_xiax vy niaz),gvhere and that the characteristics of the radiofrequency waveform c
o, = (1 0), o, = <i O),andcrZ (0 _1> the be given as
Pauli spin matrices anldthe 2 X 2 unitary matrix. The main ’+

ie‘”lsinﬁ
_S_ 2
¢ -

Bi.o

A ,the total rotation angle during th¢h
j,0

advantage of the Cayley—Klein parameters is, however,® ¢; = 2arcta

that the matrix describing the synthesis of successiye rotge period:

tions can be calculated as the product of the matrices for

eachAt. . 6=4( —i
Due to the hard-pulse approximation, the rotation for each .

At period can be described as e B, = YAt ¢e'’, the waveform of the radiofrequency

complex envelope.

Bio

A ) the phase of the radiofrequency pulse
j,0

B Cj _S Z1/2 0

Q= (3 C )( 0 2‘1’2) 3. DEGREES OF FREEDOM IN THE MODULATION

PROCESS: DISCARDING PHASE INFORMATION
where The results of the Shinnar—Le Roux algorithm, as describe
above, have two degrees of freedom, corresponding to amy

v|By;|At tude (B,|) and phasef) modulation. What will be proven is
ST that if the excitation characteristics are symmetric around tt
point for which the gradient amplitude is zero, i.e., the point fo

in vIBy,lAt [1] which the Larmor frequency equals the carrier frequency,

2 single degree of freedom suffices.

yGxAt The term “excitation characteristics” refers to the form of th
' Cayley—Klein parameters as a function of the (spatial) selecti
gradient axis. The Cayley—Klein parameters describe the effe
By means of Space_state recursion’ the Cay|ey_K|ein para%_eXCitation inerendent!y from the initial Conditi-on; that is tc
eters are given as say they describe the excitation process and not its result. Th
the symmetry refers to the rotation itself and not necessarily
_ the magnetization distribution after the radiofrequency pulse

<0‘i) _ 21/2( G _$> (l (_’1) (“J*l) In the designing process, the paramet&rand B are de-
Bi § G /\0 z Bi-1/)’ signed as FIR filters whose frequency response approxima

the desired excitation characteristics. Afiers designed, it is
and, by definingA; = z’”a,- andB; = zi’ZBJ., multiplied by a complex factor so that its phase accounts f

the orientation of the radiofrequency pulse’s axis on flye

S plane of the rotating frame.

(AJ'> = (Ci _S%l ) (AH) ) Since the filtersA andB are by definition proportional to the
B, S Gz Bj-1 Cayley—Klein parameters of the pulse, the effect of thes
symmetry constrains is that they are conjugate symmetric, i.

*C;=co

.S — ieiABL, s

°Z=¢€

The parameterA andB are polynomials of of gradg) — 1. A(w) = —A(—w) andB(w) = —B(—w). In this case, it is
Their dependence onexpresses the spatial differentiation oknown from digital signal processing that FIR filters with
the pulse effect due to the selection gradient. conjugate symmetric frequency response have real coefficie

Design using the Shinnar—Le Roux algorithm is based on tt®), and thusA,(z) = 2|55 a,;z” andB,(2) = =/ bz,
inversion of the above recursion formula, given by wherea, ;, b,; €R. In order to account for the pulse orienta
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tion factor in the rotating frame, we consid&randB polyno- " Bioio axo m,

mials in the formA,(z2) = m, =/ &,z andB,(2) = m, -1 = 4(" Aklyo‘bk’o) = 4( —I m) = bk

2% by;z”', wherem;, m, €C with |m,| = |m,| = 1. co
Considering the above, the orientation angle of the radiofre-

quency pulse’s axis is calculated as

By means of induction we derive that the radiofrequenc
pulse’s axis remains constant throughout the recursion.
should be noted, however, that due to the different definition
byo the anglep the amplitude can change sign, and so it belongs

=0 L(%)' R and should not be considered an elemenRof
Given the above, the results of the design process are sho
to be a constant anglé describing the orientation of the

However, sincea, and by, are real, the second term ggjisfrequency pulse’s axis and a varying, thus selective, e
can only calculate to 0° or 180°. Thus, its effect can b\?elope described b,(t).

considered a change in the sign of the envelope and can thugpe angle describes the orientation of the radiofrequenc

be coded as amplitude and not necessarily phase informgiqe on thecy plane. However, it is known that the axeand

tion. o y of the rotating frame are set by the phase of the fir:

By substitution in Eq. [1], we get radiofrequency pulse in every experiment. Furthermore, mc
imaging sequences rely on pulses having a constant orien
tion, by definition among the& axis, or at the most they use
quadrature angles, like in the Carr—Purcell-Meiboom-Gi
spin-echo sequencé&)( Thus, for the carrier generation we
o need a sine generator and for special cases its cosine.
However,|—i(m,/m,)| = 1, and thuge™“C"™™» = —i(m/m,).  This carrier is used to modulate, by means of double-sid
Furthermore, since,, andb, are realg"“®** = sgnf,/a.). band, suppressed carrier modulation, the funcBeft). Spee
Thus,S, = i(—i(my/my))sgnpyd/ase)sin ¢/ 2 = m/my s, wheres,  trally, this can be derived from the fact that in the desig
= sgnpydao)sin ¢ /2€R. If we go further and code the signprocess we take both positive and negative frequencies ir
information into the amplitude representation by assig@ing=  account. Thus, there is no issue of suppressing a sideba
2 tan™* (byo/a,o), thens, = sin ¢/2. By definition, C.ER. C,  Technically, this leads to a simplified radiofrequency gener:
remains unaffected by the sign changedip since the cosine tion system.
function exhibits even symmetry.

Substituting in the recursion formula of Eq. [2], we get

mzbk,o>

Myay o

S( — ieHL(*i(mz/ml))JrL(bk,o/ak,o)}sin % .

4. THE SIMPLIFIED SHINNAR-LE ROUX ALGORITHM

m, _ A direct consequence of the constant radiofrequency pulse
Ac.(2) = Cim, E a;z! + m Sm, E bz’ axis is the simplification of the Shinnar—Le Roux algorithm
j ! i since we no longer need to calcul@eat every recursion step.
_ Im,|2 _ What follows is a simplified version of the Shinnar-Le Rouw
= ml( C > az '+ SKW > bk'jz') algorithm:
: : 1. The inputs are given in the form,(2) = /-5 a,;z” and
=m, 2, 127 a, ac, ER B.(2) = 2[5 b;z”', wherea,, b,€R. A second, independent
j input is the ratiom,/m,, which is needed in order to calculate
the axis angle.
2. The anglep, = 2 arctan b, o/a,,) is calculated for every

and
recursion step. This definition @f, is different from the one in
the original Shinnar—Le Roux algorithm, in order to incorpo
m, _ - rate the sign information, thus transferring @), the only
= R 77 77
Bis(2) Z( m, M E Bz 1+ Cam, E by 2 ) freedom of change o0f. Following quantities are calculated
. ! from ¢
=m, > bzl b by ER by
i e S = Sin?;
C, = cos
Thus, having coded the sign information into the amplitude ® “~« ~ cos5

representation (anglé), the radiofrequency axis for thé (—

1)th step of the recursion calculates to * Bux

= At $e
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TABLE 1
Duration of the Design Process (in ms/Pentium Il 350-MHz Computer)
Simplified SLR Simplified SLR Conventional SLR Conventional SLR Backrecursion Last two stages

Filter length backrecursion last two stages backrecursion last two stages gain ratio gain ratio
61 0.65 5.27 7.69 12.53 11.8 2.4

101 1.59 11.65 20.05 30.71 12.6 2.6
151 3.41 25.10 43.83 66.90 12.8 2.7
201 5.77 27.57 76.79 100.74 13.3 3.6
251 8.84 30.59 118.81 143.90 13.4 4.7
301 12.53 59.92 169.94 222.45 13.5 3.7

This time, B, corresponds to the pulse’s signed amplitudén Table 1. Timings are given in milliseconds on a Pentium |
Combined with the axis information coded in the an@leve 350-MHz-based computer. What we derive is that the tim
have the full description of the pulse. needed for the backrecursion is one order of magnitude le
3. Now, by using the equation#, ,(z) = my(C, XZ; thanin the original version, while the last two stages are two
ak,,-z”' + 5 2 bk,jz"') andB,_1(2) = myz(—s, 2; ak,jz’j + four times faster, depending on the relation between the filt
C. 2, b,;z”") and ignoringm,; andm,, we can calculate the length and the size of the FFT used.
polynomialsA,_,(z) andB,_,(2) to be used in the next recur  Furthermore, even though the results of the two algorithn
sion step. Sincea,_,; depends oma,; and b,; while b,_,; are expected to be identical, the reduction of computing
depends om, ., andb,.,, the calculation can be performedexpected to minimize round-off errors during the calculatio
in place: We first calculate and substitate , ; and therb,_,;, and therefore provide more accurate results.
thus performing a memory-efficient procedure.

What should be noted is that all of the quantities involved in 5. CONCLUSIONS
the recursion are real, thus reducing the requirements both in
memory and in computing cost and complexity. The memory |t has been shown that, for excitation characteristics that a
requirements for arN-point pulse are three real arrays obymmetric around the beginning of the gradient axis, a sing
lengthN (two for the filters and one for the outcome) and fouglegree of freedom suffices for the modulation of the radiofre
accumulators fos, C, ¢, and6. Furthermore, the main part of quency excitation pulse. This symmetry refers to the locatic
the computational cost of the original Shinnar—Le Roux algef the zeros oA andB and not to any phase offsets introducec
rithm is due to the repeateél calculation as well as to the by manipulating the orientation of the radiofrequency pulst
complex multiplications, which are equivalent to four redfhis single degree of freedom is due to the fact that the pha
multiplications each. Thus our version is significantly fasteixis of the desired pulse remains constant. A constant phz
than the original. factor can be introduced to account for the orientation of th

Pulse design using the Shinnar—Le Roux algorithm goegis on thexy plane of the rotating frame. However, as the
through three major steps. The first step involves designing thigentation of thex andy axes is defined by the carrier phase
polynomial B, which may use any of the FIR filter designof the initial pulse and remains constant throughout the expe
techniques that are widely used in digital signal processinighent for most imaging methods, the absolute radiofrequen
The time needed in this stage varies significantly accordingpbase should be of no importance as long as we keep a ste
the method selected. However, if we only want to adjust therrier source as a reference.
flip angle, the form ofB can be calculated only once and be This result has a significant impact on the pulse generati
retrieved from memory to be adjusted by a multiplication bgystem. It is known that for a signal with arbitrarily varying
sin ¢/2, whered is the total flip angle. The calculation of thephase, errors in the generation of the modulated signal cani
polynomial A takes place in the second step. This is usuallylse avoided. What has been shown is that it suffices once t
minimum-phase filter whose calculation involves complex cephase of the carrier to adjust and treat the rest of the producti
strum techniques and Fourier transform calculations. The thiid an amplitude modulation process. Given the usual orien
step involves the backrecursion discussed above. tion of the radiofrequency pulses in the rotating frame, i.e

In order to estimate the acceleration of the design proceafyng thex or in special cases along the axis, the most
we compared the time needed for the backrecursion and tequired of the modulator is to produce the quadrature angls
two final design stages using the original and our simplifigtiat is to say 0°, 90°, 180°, and 270°. These angles can
version of the Shinnar—Le Roux algorithm. Results are shovachieved easily and with greater precision.
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